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Abstract. We consider a new orbit equivalence invariant for measure-preserving actions 
of groups on the probability space, cr : G — > Ant{X, fi) , denoted Xo(o'; G) and defined as 
the "intersection" of the 1-cohomology group, }i^{a,G), with Connes' invariant, x{M), 
of the cross product von Neumann algebra, M = L°°{X,fi) Xo- G. We calculate xo(c; G) 
for certain actions of groups of the form G = H x K with H non-amenable and K infinite 
amenable and we deduce that any such group has uncountably many orbit inequivalent 
actions. 



0. Introduction. 

Recall that two measure preserving (m.p.) actions ai,a2 of two countable, discrete 
groups 6*1,6*2, on standard probability measure spaces (X2,/X2), are said to 

be orbit equivalent (OE) if there is an isomorphism / : (Xi, ^i) — > (X2, (12) such that 
/(G*ix) = G*2(/(x)) for Hi a.e. x G Xi, or, equivalently, if the induced equivalence 
relations, TZa^^Gi ^^1^2,02 isomorphic. 

Strikingly, it was proven that any action a of any amenable group G induces a hy- 
perfinite equivalence relation (unique, up to isomorphism) , thus implying that any two 
actions of any two amenable groups are OE. This result was first obtained by Dye([Dy]) 
in the case G = Z and by Ornstein- Weiss ([OW], [CP W]) in general. The converse is 
also true: any non-amenable group has at least 2 non-OE actions([CW],[Scl,2],[Hj]). 
Thus, it is natural to consider the problem of finding groups which admit many non OE 
actions. In this direction, rigidity phenomena were used to exhibit classes of groups 
possesing uncountably many non-OE actions: property (T) groups([Hj]), products of 
hyperbolic groups([MoSh]), free groups([GaPo]) and weakly rigid groups([Po]). 

In this paper, we introduce a relative version of Connes' x(M) invariant ([Col]) for 
Cartan subalgebra inclusions A C M, denoted Xo(-^; which captures the "approxi- 
mately A-inner, centrally trivial" outer automorphisms of M. The xo invariant of a free, 
ergodic, m.p. action a : G ^ Aut(X, //) is then defined as the xo invariant of the corre- 
sponding Cartan subalgebra inclusion, i.e. xo{.^\G) = xoiL°° {X , fi) x^- G; L°°(X, /i)). 
Note that Xo(c"; G) is is an orbit equivalence invariant ([PM]) and that it is a subgroup 
of the 1-cohomology group H^(a; G). 
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Theorem. Let G = H x K, where H is a non-amenable group and K is an oo 
amenable group and let T = Aj, where Aj are finite groups. For a standard 

probability space (Xq^hq), let a be the generalized Bernoulli shift action of G on 
(Xj/j,) = YlgeHuKi-^o, tJ'o) , given by the natural action of G on the set H U K . Let (5 

be a free, m.p. action of V on (Xo,//o) o-'^d define (5^ = <^geHuK{P'y)g,^^ & F to be 
the induced action on {X, /i) . 

If (7^ denotes the restriction of a to the fixed point algebra {a e L°°(X, //)|/9^(a) = 
a, V7 e r}, then is a free, ergodic, m.p. action such that Xoi^^^'iG) = ChariV). 

Since for every set V of prime numbers, we have that Ylp^v^P ~ Clhar(0pgp Zp), 
we deduce the following: 

Corollary. Any group of the form G = H x K , where H is a non-amenable group and 
K is an 00 amenable group, admits uncountably many non orbit equivalent actions. 

In Section 1 we give the definition of Xo(c, G) for an action {a, G) and we notice that 
it is a stable orbit equivalence invariant. Starting with Section 2, we concentrate on the 
actions (cr^, G — H x K) as in the above Theorem and we give a first estimate of xo- 
This reduces the calculation of xo to a concrete problem in terms of automorphisms 
of the hyperfinite IIi factor, R. In Section 3 we deal with this problem, showing that 
for certain actions of groups F as above on the hyperfinite IIi factor i?, the following 
holds true: 6 G Aut(i?) acts trivially on the sequences from which are central in R 
iff ^ e r (modulo inner automorphisms). The final section is concerned with the proof 
of the above Theorem. 

Acknowledgement. I would like to thank Professor Sorin Popa for proposing the orig- 
inal idea from which this work developed. I greatly benefitted from many discussions 
with him and I am grateful for his constant guidance and encouragement. 

1. Definition of xo- 

In [Col], A. Connes defined an invariant x(-^) foi^ a Hi factor M and used compu- 
tations of it to provide a IIi factor non-antisomorphic to itself. The purpose of this 
section is to define an analogous invariant for inclusions {A C M) of Cartan subalge- 
bras into IIi factors. Restricting to such inclusions that arise from measure preserving 
actions of countable, discrete groups on standard probability spaces we obtain an OE 
invariant, which we subsequently use to produce non-OE actions. 

1.1. Groups of automorphisms. We begin by reviewing several definitions and nota- 
tions. Given a IIi factor M we denote by Aut(M) its group of automorphisms endowed 
with the topology given by the pointwise norm ||.||2 convergence (see [Col,Co2]) and by 
Int(M) the subgroup of inner automorphisms of M. A bounded sequence {xn)n C M is 
called central if for any element y & M we have that lim^_,oo \\[xn, y]\\2 = 0. Following 
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Connes, an automorphism ^ of M is called centrally trivial if for any central sequence 
ixn)n C M we have that lim^^oo ||^(3^n) — a^nlb = 0. The group of centrally trivial 
automorphisms of M is denoted Ct(M)([Col,Co2]). Similarly, for an inclusion of von 
Neumann algebras C M, we denote by Ct(M, A^) the group of automorphisms of M 
that act trivially on the bounded sequences of N which are central in M([Ka]). 

A powerful tool in the study of central sequences is the ultrapower algebra M'^ de- 
fined as the quotient 1°°{N, M)/I^, where = {x = {xn)n e /~(N; M)| lim^^a; IMU = 
0} and a; is a free ultrafilter on N. Any 9 G Aut(M) induces an automorphism 9^ of 
given by 6''^((x„)) = {9{xn))n and we have that Ct(M) = {9 e Aut|6''^(a;) = a;,Va; G 
M' n M^} and similarly that Ct(M, N) = {9 e Aut(M) = G M' n iV^}. 

1.2. Automorphisms coming from 1-cocycles. For a IIi factor M with a Cartan 
subalgebra A we denote by Auto(M; A) the group of automorphisms of M which leave 
A pointwise fixed and by Into(M; A) the subgroup of inner automorphisms implemented 
by the unitaries of A. Also, we consider the quotient group Outo(M; A):— Auto(M; A) / 
Into(M; A) together with the quotient map Eq : Auto(M; A) Outo(M; A). 

Let now a : G ^ Aut(X, fj.) be a free, ergodic, m.p. action on a standard probability 
space. Then a defines an integral preserving action of G on the diffuse abelian von 
Neumann algebra L°°(X, //); conversely, every integral preserving action on L°°{X,iJi) 
gives rise to a m.p. action on (X,//). Therefore, we can unambiguously identify the 
two actions. 

Further, consider the associated group measure space factor M = L°°(X, |u) Xcr G 
together with its Cartan subalgebra A — L°°[X,n) C M([MvN]). Then we have a 
canonical isomorphism from Auto(M; A) onto the group of 1-cocycles, Z^((T, G) = {w : 
G — > U{L°°{X, ij,))\wgh = Wgag{wh),yg, h G G}, which carries Into(M; A) onto the sub- 
group of 1-coboundaries, B-^(cr, G)(see [Si],[Po]). From this it follows that Outo(M; A) 
is isomorphic to the 1-cohomology group of ex, H^((j, Z^(a, G)/ B^(cr, G). We 

will also use the notations Into(a"; G) and Auto(cr; G) for the groups of automorphisms 
Into (A Xa- G; A) and Auto (A Xo- G; A), respectively. 

Recall that by [FM], two free, m.p. actions ai : Gi ^ A\xt{Ai) are orbit equivalent 
iff (^1 C ^1 Xo-i Gi) ~ {A2 C A2 Xct2 G2), i.e. if there exists an isomorphism 9 : 
^1 xio-^ Gi ^2 Xo-2G2 such that ^(^1) = A2. Thus, any invariant of Cartan subalgebra 
inclusions naturally gives rise to an OE invariant for actions. In particular, this entails 
that H^(a, G) is an OE invariant. 

For strongly ergodic actions a, i.e. actions that have only trivial asymptotically 
invariant sequences, H^((t;G) is a Polish group ([Scl]), which is countable, discrete 
whenever G is weakly rigid([Scl],[Po]). As shown by S.Popa([Po]), for w-rigid groups 
G and for actions a having good deformation properties, the 1-cohomology group, 
H^(ct;G) is calculable and can be any countable abelian group. Thus, in the case of 
w-rigid groups, computations of H^(cr;G) can be used to provide uncountably many 
non-OE actions. 
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At the other end, if the action is not strongly ergodic (equivalently, if Into (M; A) 
is not closed in the topology inherited from Aut(M)) then this invariant is a large, 
non-Polish group which can thus not be used to distinguish between orbit inequivalent 
actions. Instead, the following subgroup of Outo(M; A) ~ H^(o", G) can be used: 

1.3. Definition. Let M be a separable IIi factor with a Cartan subalgebra A. We 
define xo(M; A) = Eto(M; A) n CtM/Into(M; A). 

In particular, if cr : G ^ Aut(X, is a free ergodic m.p. action on a standard proba- 
bility space then Xo(c": G) :— xo{L°^{X, /x) Xo-G; L°°(X, /x)) defines an orbit equivalence 
invariant. This invariant is a subgroup of H-^(cr, G) ~ Outo{L°°{X, ji) x^G; L°°{X, jj)), 
which is trivial if G is amenable([OW]) and also, by definition, if a is strongly ergodic. 

Now, recall the following result from [FM]: two free, ergodic, m.p. actions ai : Gi 
Aut(Aj) are stably orbit equivalent iff there exist two projections Pi e Ai, i = 1,2 such 
that {Aipi c pi{Ai xi^^ Gi)pi) ~ {A2P2 C p2iA2 x^^a G2)p2)- 

1.4. Proposition. Let M be a separable IIi factor with a Cartan subalgebra A. Then 
for any projection p e Vi^A) , the map 9 G Autf^{M] A) 0\pMp ^ Auto{pMp; Ap) 
induces an isomorphism between the groups xo{M; A) and xo{pMp; Ap). In particular, 
Xq{o",G) is a stable orbit equivalence invariant. 

Proof. Recall from [Po] that the restriction map 6 d\pMp induces an isomor- 
phism between Outo(M;A) and Onto {pM p; Ap), which carries £o(Into(M; A)) onto 
eo{lnto{pMp; Ap)). Lastly, recall that if 6 is an automorphism of a IIi factor M which 
fixes a projection pe M, then 9 e Ct(M) iff 6'|pMp e Ct{pMp){[Col]). ■ 

2. Estimates of xo- 

Prom this point on we will work with groups G of the form G = H x K, where H 
is a non- amenable group and K is an 00 amenable group. 

2.1. The model action. Let {X,ii) be a standard probability space and let tt : 
H — i> PMt{JlheH{,X, iji)h) be the left Bernoulli shift action given by 7Th{{xh')h') = 
{xh-ih')h',yh e H,\fx= {xh')h' e Ilh{X,iJ,)h- Similarly, we let p : K A\xi{Y{^^j^{X, ij,)k) 
be the left Bernoulli shift action of K. 

Next, we define cr : G — > Aut([]^^^^(X, /x)/^ x JlfceKl"^' product 
action given by cr{h,k) = T^h x Pk,^h e H,k e K. Note that a can also be viewed 
as the generalized Bernoulli action ([Po3]) associated to the action of G on H L\ K 
given by {h, k) • x = hx,Wx G H and by {h, k) • x = kx,\/x E K , Wg = {h, k) E G = 
HxK. Also, we denote A = L^^iUheHi^^ l^)h), B = L'^iH^^j^iX, /x)^), C = A®B = 
L^{Y\geHuAX,li)g) and = L-((X, C A 

2.2. Quotient actions. The actions of G that we construct further arise as quotients 
of the model action a. Let P be a group and take a:T ^ Aut(A) and /3 : P — > Aut(i?) 
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two free, m.p. actions of F which commute with tt and p, respectively. Let 6 denote 
the diagonal product action of F on C = A^B defined by ^(7) = a{'y) (8) Pi'j)- If we 
set = {x e C I S{'f){x) = a;,V7 e F} then, as 5 and a commute, G acts on and 
this action, denoted , is ergodic. 

Assumption. Throughout this section we will assume that there is no h & H \ {e} 
such that w{h){a) = a,Va G . Note that this is indeed the case if Aq 7^ CI. 

Recall that the left Bernoulli shift action tt of a non-amenable group H was shown 
to be strongly ergodic ([Sc2]), or equivalently, to satisfy (A H)' OA'^ = CI, where u 
is a free ultrafilter on N([Po]). In what follows, we will need a more general statement: 

2.3. Lemma. With the above notations we have that there exists S C U{A^ x^r H) 
finite and C > such that 

max||K^]||2 > C\\^- < e,l > III2, e L\A x, H). 

In particular, A H is a nan F type IIi factor. 

Proof. We begin by considering the representation of H on JC = L'^{A 'At^H)Q l'^{H) 
given hj H 3 h ^ Ad(it^) e U{]C). If {^0 = ••)Cn--} is an orthonormal basis for 
L2(Ao), then 

B = {((8)heHei,K'K/. > 0, V/i e i^, 1 < ^ 0}| < 00,/i' e ff} 

gives an orthonormal basis for /C. Since H acts on B and the stabilizers = {h E 
H\Ad{uh){C) — s-re finite subgroups of i?, G i3, we get that the representation of 
H onlCis of the form 0^ P{H/Hi) for some finite subgroups Hi of H. Since H is non- 
amenable, any representation of H of the form ^■l'^{H/Hi), where Hi are amenable 
subgroups of H, docs not weakly contain the trivial representation ([Po]). Thus, there 
exist k e N, hi, h2 . ■ . hk e H and c > such that 

max \\uh,xul . — x\\2 > c||a;||2,Vx G /C, 

i=l,k 

therefore, 

(*) max iiK„e]ii2 > c|ie - ^L(H)(e)ii2, ve g l^{a x, h). 

i=l,k 

Next, if a G U{A'^) \ CI, then using the fact that Bernoulli shifts are mixing, we get 
that the set Fa = {h E H\7ih{a) = a} is finite and that Ca = iT^fh€H\Fa \ W~'^h{0')\\2 > 
0. If a; G 1^{H), then x = Tih^H'T{xU}^-i)uh and we have that 

||[a,a;]||| = \\ZheHr{xUh-i){a - ah{a))uh\\l = 
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T,heH\rixUh-i)\'^\\a - (Jh{a)\\l > CaT.h(.H\Fjr{xUh-i)\'^ . 

Now, by our assumption, riaeuiA^jF'a — {h E H\ah{a) = a,Va G U{A^)} = {e}, thus 
3ai, a2, .., am. G U{A^) such that n^^Fo^ = {e}. By using the last inequahty for 
a G {ai, a2, .., a^} we get that 

(**) max ||[a,-,a;]||2 > ( min Ca./m)\\x — T(a;)||2, Va; G 1^{H). 

j = l,n j = l,m 

Combining (*) and (**), we get the conclusion for S = {tt/n, Uh2, Uh^, oi, 02, ••, ctm}- 

■ 

2.4- Remark. A consequence of the above proof is that L{Hy r\L^{A Xt^H) C l'^{H). 
We remark that for this to be true we only need that tt is weakly mixing (rather 
than the Bernoulli shift of a non-amenable group). To see this, let x = T^heHdhUh G 
L{Hy n L^(A H), then TTi{ah) = aij^i-i,\/h,l G H. In particular, this implies that 
ll^hlb = II2, V/i, / G H. For h e H \ {e} if the set F = {lhl~^\l G H} is infinite 

then since |a/i| I2 = \ \x\\2 < 00, we must have that = 0. On the other hand, if 

F is finite then /C = span{a^|/i G F} C A is a finite dimensional vector space invaried 
under n. Since tt is weakly mixing, K = CI, thus G CI. 

The following result is well known, but we include a proof for the reader's conve- 
nience. 

2.5. Lemma. Let M and N be two IIi factors and let P be a subf actor of M. If there 
exists S C U{P) finite and C > such that 

max||[ix,e]ii2 > cue- < e, 1 > i|i2,ve g l^m, 

then P'n{M®N)'^ = iV^. 

Proof. Let {?7o — 1, r/i, .., r^Tn---} C L?{N) be an orthonormal basis. Then any x G 
L^{M'^N) can be written as a; = 'Sj>o^j 'Sirjj, for some G L'^{M) with Sj>o||ej||2 = 
llxlll- Using the hypothesis we have that 

E„es||[M,a;]||2 = |Sj>o[«, Ci] ^VjWl = 

E,.>oE,es||Ke,-]||i > C%>o||e,- -r(e,-)lli = C^\\x - PmN){x)\\l 
thus proving the conclusion. ■ 

2.6. Corollary. With the notations we made before, we have that 

(C^ X^r G)' n {C^ X^r G)" C {B^ X^r K)"" . 
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Proof. By Lemma 2.3. we have that the inclusion P = A'^ x^r H G M = A H 
satisfies the hypothesis of Lemma 2.5., thus 

(A^ >^,r H)' n [{A H)^{B >ip K)]'' = {B K^. 

Since x^r C C"" x^-r G and C"^ x^-r G C [(A x^ H)'^{B xipK)], the corollary 
follows. ■ 

From now on we aim to calculate Xoi^^j G)] to this end, we give succesive estimates 
of XO) which we improve as the class of groups V and actions a,/? that we consider, 
becomes more restrictive. We start by showing that the characters of F which have 
eigenvectors in both U{A) and U{B) naturally give rise to (non-trivial) elements of 
Xo(^^;G). 

For an action 5 of F on C and for a character rj G Char(F) we denote Un = {a & 
U{C) I (5(7) (a) = r/(7)a,V7 G F} and we let Char5(F) = {rj e Char(F)|W^ ^ 0}([Po]). 
Let r] e Char5(r), then for a e Ur^ the 1-cocycle Wg = a*a{a) is C'^-valued, thus 
9 = Ad{a)\c^y<t e Auto(C^ x^rG;C^). Since the class of 9 in Outo(C^ x<^r G; C^) 
does not depend on the choice of a G Zi^, we get a well defined map : Char5(r) — > 
ll\a^;G) given by 0(77) =£o(^)- 

2.7. Proposition. For any rj G Chara{T) fl Charp{T) we have that (j){rj) G Xai'^^'i G). 
Moreover, the map (f) : CharaiT) n CharpiV) xo(c^;G') is an injective group homo- 
morphism. 

Proof. For the first part take ai G U{A) nUrj and a2 G 1^{B) fl Ur,. Since is non- 
amenable. Corollary 2.3. implies that the central sequences of x^r G asymptotically 
lie in B^ Xpr K. Thus, as ai commutes with B Xp it results that Ad{ai)^c^y^ rG ^ 
Ct{C^ x^r G). Also, since K is amenable we have that Into(-B^ Xp-f^; B^)= Auto(-B'" x^ 
K; B^){[OW]) , thus we deduce that Ad{a2)\cryi ^ Into(C^ xio-r G; C^). Combining 
the two conclusions we get the first assertion. 

Finally, if we assume that (p is not injective then we get a non-trivial character of 
F, say ?7, and a ElAr, which satisfies Ad{a)\c'^y^ G Into(C^ x^r G; C^). This implies 
that 36 G U{C^) such that a*a{g){a) — b*a{g){b),\/g G G, but since a is ergodic we 
obtain that a G U{C^), which leads to a contradiction, as 77 is assumed non-trivial. ■ 

Next, we reduce the calculation of Xo(c"; G) to the problem of finding the automor- 
phisms of the hyperfinite IIi factor i?, which act trivially on certain central sequences 
of R. 

2.8. Remark. To this aim, take 9 G Into(cr^; G), then 9 = lim^_>oo Ad(ttn) for some 
Un G U{C^). Since by Corollary 2.3., [C^ x^r G)' n {C^Y C (S^)^, we deduce that 
there exist a G U{C^) and an G U{B^) such that 6* = Ad(a) lim^^oo Ad(an)([Col],[Jo]). 
Thus, modulo Into(cr^;G), we can assume that 9 — lim^_>oo Ad(an), for some G 
U{B^), so in particular 9 gives an automorphism of B^ x^r K. 
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Moreover, since 6 is given by a S^-valued 1-cocycle, hence S-valued, it extends to 
an automorphism, denoted 0, of R = B >ip K. Since 6 e Auto(p; K), we get a group 
morphism ip : Into(cr^; G)/lnto{a^; G) Auto(p; -ftr)/Into(p; K) given by ^{9) = 9. 

Now, remark that since = y\pT K C. Xf^r G and since [R^A yi^^ H] = 0, 
we have the inclusion R' n {R^Y C (C^ x^r G)' n (C^ x<^r GY . Thus, if we further 
impose that 9 G Ct(C^ x^r G), then 9 acts trivially on i?' n {R^Y , i.e. ^ G Ct(i?, i?^). 

We summarize the above discussion into the following: 

2.9. Proposition. Assume that CharfjiV) C CharaiV). Then the following is an 
exact sequence: 

^ Charf3iT)\o{a^; G)^(Auto{p; K) n Ct{R, R^))/Into{p; K) 

Proof. To show that Ker(V') C Ran((/)), let 9 e XQi(^^',G) such that 9 = Ad(a), 
for some a G U{B). But then, since 9{ug) = aag{a*) G C^,\/g G G, we obtain that 
6{'y){aag{a*)) = aag{a*),^g G G,V7 G F. Using this relation and the fact that a and 
5 commute, we obtain that 

ag{a*5{-f){a)) = a*5{-f){a)yg G G, V7 G F 

and since a is ergodic, we conclude that a*5(7(a)) G CI, V7 G F. Thus, 3r] G Char^(F) 
such that 5(7)(a) = 77(7)0, V7 G F, therefore ^ G Ran(0). The other inclusion follows 
easily, since Ad(a) G Ct(i?), Va G U{B). ■ 

We end this section by giving the motivation for the technical result that we prove 
in the next section. In view of Proposition 2.9., to compute xo{'^\G) it is natural to 
consider the following question: given a properly outer action 5 of a group F on the 
hyperfinite IIi factor i?, describe a{R,R^) = G Aut(i?)|^|^/n(flr)<^ = id}. 

If F is finite, then Ct(i?, R^) = FInt(i?). Indeed, if we denote R^ = R' f\ R'^, then 
R^^ is III factor on which F and 9 act properly ([Col], [Jo]). Since F is finite we have 
that {R^Y — (-R'^)^ (remark that this equality is equivalent to the fact that the repre- 
sentation of F on L'^{R) L'^{R^) does not weakly contain the trivial representation, 
true if F is a property (T) group), thus 

R' n {R^Y = R'n {R^f = {R' n R^'Y = Rl, 

hence ^|^r = id\jiT. 

Recall now that if a finite group F acts properly on a IIi factor M and 9 G Aut(M) is 
an automorphism which acts identically on M'", then 9 G F(note that the last result also 
holds true if F is a compact abelian group and Char5(F) = Char(F)). Applying this to 
our situation, we can find 7 G F such that 9\fi^ = 7|i?„, thus 7"^ g Ct{R) = Int(i?). 
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As the other inclusion, rint(i?) C Ct(i?, i?^), is always true, we get the desired equality 
for r finite. Note that this equality already implies that Xo(c^; G) = Char(r) if F is 
finite. 

Turning to the case F infinite, the above proof seems to fail as one would need the 
group F to be both compact and rigid. However, in the next section we show that 
Ct{R,R^) = FInt(i?), given that the action F Aut(i?) is the "inductive limit" of 
actions of the form F„ — > Aut(i?n), where F„ are finite quotients of F and Rn C R are 
subfactors exhausting R. 

3. Main technical result. 

3.1. Theorem. Let F = 0^>q A^, where (Aj)i>o are finite groups and let a : T ^ 
Aut{R) be an action on the hyperfinite IIi factor. Denote — 0j>„ Aj and define 
R^ = R^",yn>0. 

(i) If Un>oRn is weakly dense in R , then a can he extended to a continuous action 
&:f = ]\^^^/^,^ Aut{R). 

(ii) Moreover, if {R^)' r\ R = CI and if {7 e F|7|jj^ = id\Rj = F^, Vn > 0, then 
Ct{R, R^) = tlnt{R). 

Proof, (i) After identifying F with a{T) C Aut(i?), we need to prove that F 
embedds into Aut(i?) in a continuous manner. Let 7 = (5^, ••) G F and set 

7n = (^1, ••, 0, .., 0, ..) G F. We claim that 37 := lim^^oo 7n in Aut(-R), or equiva- 
lently that (7n(2;))n is a Cauchy sequence \/x & R. If a; G U^>oi?m) then the sequence 
(7n(a^))n eventually becomes constant, hence is Cauchy and as \Jm>oRm C i? is a total 
set, the claim is proven. 

To prove the continuity of the embedding, let F 9 7^ = {df)i>o — > 7 = {di)i>o G F 
as n ^ 00. This implies that Wi > 0, 3iV(i) > such that 5f = 5i,Vn > N{i). In 
turn, from this we deduce that if a; G \Jm>oRm, then jnix) — 7(0;), Vn > N{x), thus 
7„ converges to 7 in the topology from Aut(i?). 

(ii) For the second assertion, let 9 G Ct{R, R^), i.e. 9 G Aut(i?) such that lim^^^^ \ \9{xn) — 
XnlU = 0,y{xn)n & R' D (R^)'^ . Also, Vn > 0, we denote F„ = 0.<„ A^. 

Step 1. 3N such that Vn > TV we have that \\9{x) - x\\2 < 1/2, Va; G U{Pn), where 

P„:= i?;n(i?^"r = (i?;ni2-)^". 

This follows from the following: 

3.2. Lemma. Let M be a IIi factor and let N, {Mn}n>o C M be von Neumann 
subalgebras such that lim^^oo — -E'M„(a^)||2 = 0,Vx G M. If 9 & Aut{M) acts 
trivially on M' n A^'^, then Me > 0, = N{e) G N such that \ \9{u) - u\\2 < £, G 
W(M; n A'^),Vn > N{e). 

Proof of lemma 3.2. If the conclusion fails, then 3£ > 0, an increasing subsequence 
{kn} of N and G W(M^ n A"^) such that \\9{un) - Unib > £, Vn G N. Since 9 acts 
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trivially on M'niV^, there exists F <Z M finite and 5 > such that iix e (iV)i satisfies 
\\[x,y\\\2<5yyeF, then | |^(a;) - a;| I2 < e/2. 

Representing Un as (w™)™,, where e IA{N) and using the first inequality, we 
deduce that ^rUn G N such that = u^" satisfies 1 1 [t;^, i^M^.^ I2 < 5/2, G F 
and I |6'(t'ri) — fn| I > s,Wn E N. Finally, since lim^^oo \ \EMk^i^) ~ ^Ih = 0,Vx G F and 
since ||K,a;]]||2 < \ \[vn, EMk^{x)]\\2 + 2\\Em^^{x) - x\\2 < d/2 + 2\\EM^^{x) - x\\2, we 
get a contradiction. ■ 

Going back to the proof of Theorem 3.1., we can apply Lemma 3.2. to find N = 
N{l/2) such that 

\\e{x)-x\\2 < i/2,yx eU{R'^n{R^)^),yn > n. 

Since by the definition of Rn we have that i?^ = i?^" , we deduce that Pn C R'^r\{R^)^ , 
thus proving this step. 

Next, by standard averaging techniques, we get : 

Step 2. Vn > A^, G R^, Wn 7^ such that 9{x)wn = WnX^Wx G U{Pn). 

Indeed, from the inequality \\0{x) — x\\2 < 1/2, Vx G lA{Pn), we deduce that the 
minimal ||.||2 clement of the convex set /C^ = c6^ {6{x)x*\x G lA{Pn)} C (-R^)i satisfies 
I \wn ^ 1| I2 < 1/2, thus Wn ^ 0. Morcovcr, by the uniqueness of Wn and by the fact that 
KLn is invaried under the transformations u — > 9{x)ux* ,yx G U{Pn), it follows that Wn 
satisfies the required identity. 

Step 3. 

3.3. Lemma. Let V he a finite group acting on the inclusion N <Z M of two finite 
von Neum,ann algebras such that N' fl (M xi F) C M . If 9 & Aut{M) satisfies 9{x)w = 
wx.Wx G A^^, for some non-zero element w G M, then 3v G M,v ^ and 7 G F such 
that 9{x)v = vy{x),\/x G A^. 

Proof of lemma 3.3. If a; G U{N), then T^^^ti{x) G , thus 
T.^^t9{'-i{x))w = wT.^eTl{x),^x G U{N). 
Using this relation we get that 

Tiry^Y9{'^{x))wx* = w'I2^^r^{x)x* ,\/x G U{N). 

Let M :— 0^£r(-^)7 define the following two uniformly bounded convex subsets 
of M: 

/Ci = cd'^{®^er{9{^{x))wx*)\x G U{N)}, 
/C2 = co^{®^er{'y{x)x*)\x G UiN)}. 
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Then the above relation translates into: 

^^Xy — ^yWX^ , — (^'y^'px'ry G /C^ , i — 1,2. 

Let x^ = ^-yerxly e /Cj,z = 1,2 be the elements of minimal ||.||2. Then note that 
Vtt e U{N)^ /Ci and /C2 are invaried under the transformations ®^x}^ — > ®r^9{'^{u))xl^u* 
and ©-yX^ ©^7(w)x^w*, respectively. 

Thus, since these transformations are norm preserving, it follows by the uniqueness 
of xi and X2 that 9{'-y{u))x}^u* — xl^ and '-y{u)x'^u* — x'^,\/j G r,Vu G U{N). Now, 
note that the condition N' n (M xi F) C M is equivalent to the following: if 7 G F \ {e} 
and w E M, then 

w^{x) = xw,\/x & N ^ w = 0. 

Thus a;^ = 0, V7 G r \ {e} and since x^ = 1 and S^x^ = S^tux^, it follows that there 
exists 7 G r such that xl^ ^ 0. ■ 

Step 4- Vn > A?", G , v„ 7^ and 7^ G r„ such that ${x)vn = Vnln{x)i'^x G 
Sn := R'^ n i?^. 

Note first that = i?^ fl (-R^")'^ = 5"^" and that F^ acts on the inclusion Sn <Z R"^ . 
Recall that by Step 2 we have that 9{x)wn — WnX,\/x G 5"^". Thus, provided that we 
can show that there is no non-zero w G R'^ such that j{x)w — wx, Vx G S'n = R'^ H i?^ 
for some 7 G Fj^ \ {^}; the conclusion of Lemma 3.3. gives our claim. 

To disprove the last equality, we show the following lemma, which we will also use 
subsequently. 

3.4. Lemma. Let M be a IIi factor and let R be an irreducible hyperfinite subfactor. 
If a E Aut{M) is an automorphism such that 3w G M^^w 7^ Q,a{x)w = wx^\/x G 
R' n R^ , then there exists v G U{M) such that a{x) = vxv*,\/x G R. 

Proof of lemma 3.4- Since R is hyperfinite, we can decompose R = <^kef^i^2x2{C))k- 
Denote Rm = ^k>m{^2x2{C))k and represent w = {wn)n G M^. We claim that 
3m G N such that 

\\a{x)Wm - WmX\\2 < \ \Wm\\2,^X G U{Rm)- 

Indeed, because if for every m G N we can find x^ G U{Rm) such that \\a{xm)'Wm, ~ 
WmXm\\2 > \ \wm\\2, then X = {xm)m £ U{R'r\R'^) and | |Q!(a;)t(;-t(;a;| I2 = hm^^^^ \ \a{xm)wm- 
WmXm\\2 > hva^^i^ \ \wm\\2 = H'^lb, & contradictiou. 
Next, a simple computation shows that 

B^T{wl^a{x)wmX*) > ||t(;m||2/2, Vx G U{Rm)- 

Thus, if V denotes the element of minimal ||.||2 in C = co^ {a{x)wmX*\x G U{Rm)}, 
then ReT(wj^f) > ||tt;^||2/2, hence v ^ and a{x)v — vx,\/x G U{Rm)- 
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Since i?' n M = CI, we get that i?^ n M = (8)fc<m(M2x2(C))fc (this is true since 
if A G B are C*-algebras, then ^(")' n M^iB) = M„(A' n B)). Also, because v*v e 
R'^ n M, G ct(i?m)' H M, we deduce that there exists p,q e V{R'^ n M) C V{R) 
and M G U{M) such that a(x ® p) = ^(a; ® q)u* ^'ix G -R^- Finally, since p, g have 
central supports equal to 1 in <8)fe<m(M2x2(C))fe, we conclude that 3v G U{M) such 
that = vx.'ix E R. ■ 

Assume by contradiction that 3^ G i?'^ such that 7(x)t(; = wx,\/x G Sn = R'n H R^ 
for some 7 G \ {e}. Since R^ C and {R^)' n i? = CI, we get that R'^nR = CI, 
thus Lemma 3.4. implies that 3v G U{R), ^{x) = vxv* ^x G -Rn- 

Using again the inclusion R^ C Rn , we infer that v G i?'" fl i? = CI, thus, 7(x) = 
X, Vx G -R„. Now, the hypothesis entails that 7 G F", therefore 7 G F" n F^ = {e}, 
contradiction. 

Step 5. Wn > 3un G U{R) and 7^ G F^ such that 9{x)un = Un'yn{x),Wx G Rn- 

This step follows directly from Step 4 and Lemma 3.4. by using the fact that i?^ 
has trivial relative commutant in R, Vn > 0. 

Step 6. ee flnt(i?). 

Following Step 5, Vn > A^, we can find Un G U{R),jn G F„ such that 9{x) — 
Unln{x)ul,\fx G Rn- Write 7„+i = Yn^n+i, where 7^ G F^, Sn+i G A^+i, Vn > A and 
let 7jv = {So, Si, ..,5jv,0, ..,0..) G Fjv- Using the fact that 

Unln{x)u^ = 9{x) = w„+i7„+i (a;)^* , Vx G -Rn 

and that S^+i acts identically on R^, we get that 

7n O 7n~\^) = ««n+l)a^«+lWn), G Rn- 

Since 'jn°l'n ^ ^ r„, by reasoning as in the proof of Step 4 we deduce that 7„ = Yn+i 
and that u^Un+i G CI. Consequently, if we let 7 = (5n)n>o G F and tt = un, then 
^(a;) = tt7(a;)tt*, Va; G l}n>NRm thus finishing the proof. ■ 

4. Calculation of xo(o"^;G). 

In this section we use the results of the previous two sections to get concrete com- 
putations of xo- As before, let be a non-amenable group and K be an cxo amenable 
group. Also, we fix (Aq, //q), a standard probability space and we define 

{x,^i) = Y[{Xo,^io)i- 

i>0 

Then, as in Section 2, we let A = L'^iUheHi^^ t^)h), B = L'^iUkeKi^^ ^^)k),C = 
A^B = L°°{Y[g^jjijj^{X, iji)g) and we denote by tt, p the left Bernoulli shift actions of 
ff, K on A, B, respectively and by a the product action oi G = H x K onC. 
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Let {Aj}i>o be non-trivial finite groups and denote T = 0j>o Aj, F"' — 0j>„ \ ,^n — 
0^<-^Aj,Vn > 0. For i > 0, let ccj : Aj — > Aut(Xo,//o) be a free action. Then, we 
define a : F ^ AutiUheHi^^ l^)h = Ui>o,h€Hi^o, P'o)i,h) to be given by 

Vx = {xi,h)i^h ^ ^^>o,/^6H(-^o,/^o)^,ft,V7 = {5i)i>Q e 0j>oAi = F. Similarly, we 
let /? : F ^ Aiit(nfceK(-'^, At)fe = riocfceArl^o, Ato)i,fe)- We also denote by a,/? the 
induced actions on A, S. 

Now, consider the diagonal product action 5 : F — > Aut(C) given by 

5(7) = a(7)(8)/3(7),V7eF. 

Since [ct, tt] = and p] = 0, it follows that [5, a] — 0, thus G acts on = (x e 
C|5(7)(a;) = a;, V7 e F}, hence we can define cr^ = crjcr. 

4.1. Theorem, : G ^ Aut{C^) is a free, ergodic, integral preserving action and 

0: C/iar(F)~xo((T^;G') 

Proof. If we let = S Xp K, then since K is amenable and p is ergodic, R is the 
hyperfinite IIi factor ([OW]). Moreover, since [(3,p] — 0, we have that F acts on R by 
(3{^){j:keKakUk) = ^keKf3{ak)uk and that R^ = xi^r K. 

Claim 1. lie e Aut(i?) acts identically on R' n {R^Y , then 9 e flnt(i?). 

To prove this it is sufficient to verify the conditions of Theorem 3.1. Note that F" 
acts trivially on nn>i>o keKi-^o, IJ'o)i,k and also on K, thus implying that 

L°°( II (Xo,po)(a)) x^Ci?„ = i?r",Vn>0. 

n>i>0,k£K 



Further, this clearly implies that U„>o-Rn = R- Next, Lemma 2.1. implies that 
(B^ Xpr K)' n{B Xp K) = CI or, equivalently, that R^' n R = CI. Finally, if 7 = 
(^1, .., ^n, 0, ..) e F„, where Si G A^, acts trivially on then in particular, it acts 
trivially on Y{ri>i>o,keK(^o, l^o)i,k- This in turn forces ai{5i) =id, hence 5i = e,Vz = 
l,n, as ai are assumed free. 

Claim 2. If (7 = (/i, k) e G \ {e} then there exists no non-zero p e C such that 

ag{c)p = cp,\/c G A^^B^ C C^. 

To see this, let a G L°°(n,>o(^o, /"o)^,e)^ C and b G L°°(n,>o(^o, /^o)z,e)^ C 
B^, such that T(a) = t(6) = 0. Thus T(a*7rfo(a)) = T{h* pk{h)) = 0,V/i G \ {e}. A; G 
K\{k]. 
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Recall from [Pol] that Bernoulli shift actions are 2-mixing in the following sense: 



lim \T{xo7rhi{xi)7rh2{x2)) - r{xo)T{7rhi{xi)7rh^{x2))\ = 0, Va;o, a;i, a;2 e A. 
"1 ,"2—^00 

Now, let hn e H,kn G K, both going to 00, and define c„ = 7r/i^(a) <S> Pfc„(^) £ 
(8) -B^. Fix X E A,y e B and denote z = x®y^ then 

T«(7g(cn)2) = T(7r^„(a)*7r^(7r^„(a))a;)T(pfe„(^')*Pfc(Pfe„ 
Using the 2-mixingness, we deduce that 

lim \T{clag{Cn)z) - T{x)T{y)T{TlhM*T^hhM)T{pkSbT pkkAb))\ = 0. 
n— >oo 

On the other hand, 

T(7r/i„(a)*7r/i/i„(a))T(pfc„(&)*Pfcfc„(fe)) = <^ft„,/ih„4„,fefc„||a||i||&||2 = <^(/i,fc),(e,e)lkll2ll^ll2 = 0, 

thus Wm. T{d^ag{cn)z) = 0, e ^ (8) -B and, as ^ (8) -B is ||.||2-dense in C = A^B^ the 
claim follows. 

Note that the above claim implies directly that is a free action, while ergodicity 
follows from that of o", which in turn is implied by the fact that both tt and p are 
weakly mixing. 

Claim 3. flnt(i?) n Auto(i?; B) = Into(i?; B). 

Indeed, if 7 G F \ {e} and u G U{R) are such that 6 = Ad('u) 07 g Auto(-R; -B), then 
7(0;) = Ad(w*)(a;), G B. In particular, this implies that u G Mr^B)^ thus we can 
find a non-zero projection p E B and k & K \ {e} such that Pkip)p — Ad{u*){h)p = 
7(6)p, G -B, which entails that Pk{b)p = hp^h G -B'". 

Denote g = {e,k) & H x K = G, then we have that (Tg{a ® h){l ®p) — {a® h){l ® 
p),ya G A^j^b G B^ , thus by the second claim, g = e, hence A; = e, a contradiction. 

Combining Claim 1 and Claim 3, we get that 

Ct(i?, R^) n Auto(i?; S) = flnt(i?) n Auto(i?; B) = Into(i?; B), 

thus, by Proposition 2.9., : Chary3(F) — > xo(c^;<-f) is an isomorphism. Finally, it 
is clear that Char^(F) = Char(r), which finishes the proof. ■ 
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4.2. Corollary. Let G = H x K , where H is a non-amenable group and K is an oo 
amenable group. Then, for any group A = nj>oAj, where Aj are finite abelian groups, 
we can find a free, ergodic, measure preserving action a\ of G on a standard probability 
space such that Xo(o"a; G) = A. Thus, any such group G admits uncountably many non 
stably orbit equivalent actions. 

4-3. Final remarks, (i). Similarly, it can be shown that a non-amenable group G 
which is the infinite sum of non-trivial groups has uncountably many non-OE actions 
(e.g. G' = e,>oF^,Vn>2). 

(ii) . A related OE invariant for actions a : G Aut {X, fi) that one can consider 
is given by W{a,G)/ B^{a,G) ~ Int^(M; A)/ Into(M; A). Note that this invariant is 
a subgroup of the 1-cohomology group (cr; G) which is isomorphic to Kawahigashi's 
relative x invariant of the corresponding Cartan subalgebra inclusion, x(M, A) ([Ka]). 
While it seems difficult to calculate such an invariant (as it is an infinite, non-Polish 
group) we note that if a group Q is isomorphic to Bi(cr, G)/ B^(a", G), for some count- 
able, discrete group G, then we can replace G by any non- amenable group which admits 
G as a quotient (e.g. Fqo)- 

(iii) . Note that the results that we prove also work if we consider actions on the 
hyperfinite IIi factor R (instead of a diffuse abelian von Neumann algebra), thus render- 
ing the analogous conclusion: any group G as in the above Corollary has uncountably 
many non-cocycle conjugated actions on R. The only difference is the following: in 
the proof of Proposition 2.7., we need to use a result of Ocneanu ([Oc]) stating that 
1-cocycles for actions of amenable groups on the hyperfinite IIi factor are approxi- 
mately 1-coboundaries, instead of the analogous result for actions on a probability 
space([OW]). 
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